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Abstrat
We onsider the dynamis and kineti roughening of wetting fronts in the ase
of fored wetting driven by a onstant mass ux into a 2D disordered medium.
We employ a oarse-grained phase eld model with loal onservation of density,
whih has been developed earlier for spontaneous imbibition driven by a apillary
fores. The fored ow reates interfaes that propagate at a onstant average ve-
loity. We rst derive a linearized equation of motion for the interfae utuations
using projetion methods. From this we extrat a time-independent rossover
length ξ×, whih separates two regimes of dissipative behavior and governs the
kineti roughening of the interfaes by giving an upper uto for the extent of the
utuations. By numerially integrating the phase eld model, we nd that the
interfaes are superrough with a roughness exponent of χ = 1.35±0.05, a growth
exponent of β = 0.50± 0.02, and ξ× ∼ v
−1/2
as a funtion of the veloity. These
results are in good agreement with reent experiments on Hele-Shaw ells. We
also make a diret numerial omparison between the solutions of the full phase
eld model and the orresponding linearized interfae equation. Good agreement
is found in spatial orrelations, while the temporal orrelations in the two models
are somewhat dierent.
1 Introdution
The dynamis and roughening of moving interfaes in a disordered medium is a subjet
of intense interest in non-equilibrium statistial physis [1℄. Examples where suh
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proesses are relevant inlude thin lm deposition [2℄, slow ombustion fronts in paper
[3℄, uid invasion in fratals [4℄ and porous media [5, 6, 7℄, and wetting and propagation
of ontat lines [8, 9, 10℄. The understanding of the underlying physis involved in
interfae roughening is ruial to the ontrol and optimization of these proesses, with
immediately apparent tehnologial importane. Progress in the theoretial study of
interfae dynamis has been made over the last two deades and a number of theories
have been developed [1, 7℄ whih agree with the experimental ndings in some ases.
Muh of the theoretial work has been based on analyzing (spatially) loal interfae
equations, suh as the elebrated Kardar-Paris-Zhang (KPZ) equation [11℄, where the
physis is governed by a (nonlinear) partial dierential equation whih ouples the
interfae loally with itself and the quenhed randomness. However, in many ases
suh a desription is not possible [4, 12℄.
A partiularly important lass of problems in the eld of kineti roughening where
loal theories annot provide a omplete desription are those involving uid invasion
in porous media, whih are often experimentally studied using Hele-Shaw ells [13,
14, 15, 16℄ or even paper as the wetting medium [17, 18, 19, 20℄. The reason for this
is that if the transport of liquid to the advaning wetting front from the reservoir is
negleted as in loal theories, slowing down of the front in spontaneous imbibition of
water in paper annot be explained by loal theories unless the liquid onservation
law is inluded in some artiial way. To properly desribe the dynamis of wetting
fronts in random medium is a hallenging task, and there are several reent theoretial
attempts to this end [15, 21, 22℄. In partiular, in Refs. [12, 24, 23, 25℄ Dube et
al. developed a phase-eld model expliitly addressing the issue of liquid onservation
in the wetting of a random medium. This is ahieved by a generalized Cahn-Hilliard
equation with suitable boundary ondition whih ouples the system to the reservoir. A
variant of the sharp interfae projetion method [26, 27℄ was used to analytially obtain
a non-loal interfae equation for the ase of spontaneous imbibition, and from it a new
time dependent length sale governing the kineti roughening ξ× ∼ t
1/4
, was extrated.
In Refs. [12, 23℄ the kineti roughening of 2D wetting fronts was also analyzed, and
estimates for the orresponding saling exponents were obtained. Furthermore, in a
reent omprehensive review paper [28℄ the ase of fored wetting in 2D was briey
disussed, and in Ref. [29℄ fored wetting in a 3D model of paper was also onsidered.
In the present work our aim is to arry out a omprehensive analysis of wetting
fronts in 2D in the ase of fored wetting. To this end, we use the phase-eld model
of Ref. [12℄ with boundary onditions orresponding to a onstant mass ux at the
reservoir boundary. This makes the wetting fronts move at a onstant average veloity,
in ontrast to the Washburn law for spontaneous wetting. We rst expand on the
standard projetion method to make it usable under onstant ow boundary onditions,
and derive the linearized interfae equations orresponding to the fored ase. Analysis
of these equations reveals a rossover length sale ξ×, whih is time-independent in
ontrast to the spontaneous wetting ase [12℄, and depends on the interfae veloity as
ξ× ∝ v
−1/2
. It separates two regimes of dissipative behavior and governs the kineti
roughening of the interfaes by giving an upper uto for the orrelation length of the
interfae utuations. By numerially integrating the phase eld model, we nd that
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the interfaes are superrough with a roughness exponent of χ = 1.35 ± 0.05, and a
growth exponent of β = 0.50± 0.02. These results are in good agreement with reent
experiments on Hele-Shaw ells [14℄. We also make a diret numerial omparison
between the solutions of the full phase eld model and the orresponding linearized
interfae equation. Good agreement is found in spatial orrelations, while the temporal
orrelations in the two models are somewhat dierent.
This paper proeeds as follows: In Setion 2 we dene the phase eld model, and
present results from the projetion and linearization proedure. We present the result-
ing interfae equations, as well as disuss how the rossover length sale ξ× emerges.
In Setion 3 we present our numerial results for the driven interfaes in disordered
medium. We onsider both spatial and temporal orrelation funtions, as well as om-
pare the numerial results from the linearized interfae equation to the phase eld
model. Finally, we present our disussion and onlusions in Setion 4. The Ap-
pendies A and B ontain some tehnial details on the projetion and linearization
proedures leading to the interfae equations.
2 Model for Wetting
2.1 Denition of the Phase Field Model
The model desribes the dynamis of a liquid invading a disordered medium at a
oarse-grained level. A phase eld is used to desribe the wet and dry phases,
with a free energy funtional suh that the dimensionless phase eld obtains the values
φ = +1 and φ = −1 at the wet and dry phases, respetively. Sine the phase eld is an
eetive density eld it is loally onserved. Energy ost for an interfae is added by
the standard oarse-grained gradient squared term. The interation energy between
the random medium and the invading liquid is represented by a quenhed random eld
linearly oupled to the phase eld. This leads to the free energy density [12℄
F [φ(x, t)] =
1
2
(∇φ(x, t))2 + V (φ(x, t))− α(x)φ(x, t), (1)
where V has two minima at φ = −1 and φ = +1, and α is the quenhed random eld.
The standard Ginzburg-Landau form is hosen for V , i.e. V (φ) = −φ2/2 + φ4/4 [12℄,
and the quenhed eld obeys the relations
〈α(x)〉 = 0 (2)
〈α(x)α(x′)〉 = (∆α)2δ(x− x′). (3)
The ase of positive (negative) 〈α(x)〉 orresponds to the liquid spontaneously wetting
(dewetting) the medium for the ase of no external driving [12℄.
The equation of motion for the onserved phase eld is given by the ontinuity
equation ∂tφ = −∇ · j and Fik's law j = −∇µ, where µ = δF/δφ. The result is
∂tφ(x, t) = ∇
2µ(x, t) = ∇2
[
−φ(x, t) + φ3(x, t)−∇2φ(x, t)− α(x)
]
, (4)
3
whih is essentially the Cahn-Hilliard equation [30℄. Note that dimensionless units have
been set suh that the onstant relating the phase eld gradient to the free energy and
the mobility in Fik's law are both unity. This xes the hoie of units in Eq. (4).
In Refs. [12, 24℄ the ase of spontanous, apillary driven wetting was modeled with
Eq. (4) using boundary onditions where the hemial potential was set to a onstant
at the liquid reservoir y = 0. In order to model the experimental setup of driving the
liquid from the reservoir, we dene our phase-eld in the half-plane {x|y ≥ 0}, and at
the line y = 0 impose the boundary ondition ∇µ = −F yˆ, where yˆ is the unit vetor,
and F is a onstant (ux) parameter (see Fig. 1(a)). On the top end of the system
we set φ(y → ∞) = −1, and use periodi boundaries in the x diretion. Physially
this orresponds to driving the liquid via a onstant mass ow, leading to an interfae
propagating at a onstant average veloity [28℄.
The initial ondition for the phase eld is given by a step funtion at some height
H(0) = H(t = 0), φ(x, t = 0) = 1 − 2Θ(y − H(0)). H(0) is also a parameter in our
model, but with the gradient boundary ondition here its value is irrelevant, in ontrast
to the ase of spontaneous imbibition, where H(0) denes the initial average veloity
of the interfae [12℄.
2.2 Linearized interfae equation
The quenhed disorder eld α(x) will ause an initially at interfae to kinetially
roughen when it propagates as the liquid invades the medium. A key step in under-
standing the physis of this proess is writing an equation of motion for the 1D single-
valued height variable H(x, t), dened onveniently by the ondition φ(x,H(x, t)) = 0
as shown in Fig. 1(a). It is not obvious a priori that this an be done, sine the
problem is inherently non-loal due to the onservation law [12℄, but it has been shown
in Refs. [12℄ that this an be done using methods disussed in Refs. [26, 31, 32℄. In
Appendix A we will disuss some tehnial details of the derivation. The main idea is
to use the relevant Green's funtion of the problem dened by
∇2G(x, y|x′, y′) = δ(x− x′) δ(y − y′), (5)
with appropriate boundary onditions. This leads to the integro-dierential equation
of motion
2
∫ ∞
−∞
dx′ G(x,H(x, t)|x′, H(x′, t))
∂H(x′, t)
∂t
= α(x,H(x, t)) + σκ+ Λ|y=H(x,t), (6)
where κ is the interfae urvature, and Λ is the boundary term, whih is non-vanishing
for inhomogenous boundary onditions. Note that Eq. (6) holds for any geometry given
the appropriate Green's funtion. For the half plane with von Neumann boundary
ondition at y = 0, the 2D Green's funtion is obtained by image harge method as
G(x, y|x′, y′) =
1
4π
ln
[
((x− x′)2 + (y − y′)2)((x− x′)2 + (y + y′)2)
]
. (7)
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The next step towards an expliit interfae equation is to linearize in utuations
around the disorder-free system solution, H(x, t) = H0(t) + h(x, t), and transform to
Fourier spae, where the equations of dierent modes of utuation are deoupled. The
half plane Green's funtion dened in Eq. (7) is not square integratable, however, and
thus it does not have a Fourier representation. However, we have found that we an
avoid this problem by onsidering a nite strip of width L where 0 ≤ x ≤ L, and derive
a linearized equation of motion for the disrete Fourier modes of the utuations. Then
we an take the limit L→∞ to obtain the equation of motion in Fourier spae for an
interfae in half-plane geometry, and the end result is well-dened. This proedure is
exposed in some detail in Appendix B.
The linearization proedure, by onstrution, gives a separate equation of motion for
the mean interfae position H0(t), whih turns out to be oupled to all the utuation
Fourier modes hk, while the evolutions of the utuation modes are independent of
eah other. The resulting equations are given by
H˙0 =
F
2
; (8)
h˙k
(
1 + e−2|k|H0
)
= |k|
(
−H˙0 hk
(
1− e−2|k|H0
)
− σk2hk + ηk(t)
)
, (9)
from whih we immediately obtain the expeted result that
H0(t) =
Ft
2
. (10)
This should be ontrasted with the Washburn law H0(t) ∝ t
1/2
in the ase of sponta-
neous wetting [12℄. It is interesting to note that the funtional form of Eq. (9) for the
utuations of the interfae is similar to the ase of spontaneous wetting in Ref. [12℄,
exept for some sign hanges in the terms. It an be shown that these hanges are a
diret onsequene of the dierenes between the Green's funtions in the two ases,
and they lead to signiant dierenes in the behavior of the utuations as will be
disussed below.
The most immediate aspet of these equations is that the utuation equation is
non-loal in real spae. This is to be expeted due to the onservation law [12℄. The
loality of the interfae equation in Fourier spae owes to the fat that it has been
linearized. The interfae onguration ouples to the disorder in a fundamentally non-
linear manner, a fat that is somewhat obsured by the superially simple form of the
disorder term ηk, whih is dened as
ηk(t) ≡
∫
dx e−ikxα(x,H(x, t)) (11)
The moments of ηk averaged over disorder realizations thus ouple to the interfae on-
guration realizations, whih in turn are dened by the disorder. This makes the anal-
ysis of ηk a formidable task that must be solved self-onsistently involving the interfae
equation. In more expliit terms, in expressions suh as 〈α(x,H(x, t))α(x′, H(x′, t′))〉,
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the angular brakets denote averages over dierent realizations of H , and results an
only be obtained numerially.
In Eq. (9) there are two terms that dissipate utuations orresponding to dierent
physial eets: the surfae tension term σk3hk and the liquid transport (onservation
law) |k|H˙0
(
1− e−2|k|H0
)
hk. The surfae tension dominates when kH˙0 ≪ σk
3
, leading
to a time independent rossover length sale between the two terms given by
ξ× = 2π
√
σ
H˙0
= 2π
√
2σ
F
. (12)
This is in striking ontrast to the spontaneous ase, where the orresponding rossover
length is time dependent with ξ× ∝ t
1/4
[12℄. Moreover, in the dispersion relation of
the utuations there is an additional rossover in the transport term obtained by
omparing the length sales H0(t) and k. Namely, for kH0(t)≫ 1 the transport term
is kH˙0, while for kH0(t) ≪ 1 it is 2k
2H0H˙0, leading to a rossover between ω ∝ k
and ω ∝ k2 in the dispersion relation of the interfae utuations. Regardless of the
magnitude of kH0(t), we will show through numerial studies that the rossover length
sale ξ× ontrols the kineti roughening of the interfae in analogy to the spontaneous
imbibition ase, in that it denes an upper ut-o for utuations that are inreasing
in time and orrelated by the surfae tension.
3 Numerial analysis
The interfae utuations in the presene of quenhed disorder were analyzed by nu-
merial integrations of Eq. (4) with the appropriate boundary onditions shown in the
shemati representation of Fig. 1. In order to implement the von Neumann boundary
ondition at y = 0, Eq. (4) is modied as follows:
∂tφ(x, t) = ∇
2
[
−φ(x, t) + φ3(x, t)−∇2φ(x, t)− FH0(t)− α(x)
]
, (13)
where the addition of the term FH0(t) ensures that the interfae will propagate at
onstant veloity v ≡ H˙0 = F/2 due to the boundary ondition ∂yµ|y=0 = −F . The
above equation is then solved with the Dirihlet boundary ondition µ|y=0 = 0. This is
a numerial trik invoked to obtain a hemial potential prole onsistent with the von
Neumann boundary ondition in the domain from the reservoir at y = 0 to the interfae
at y = H . The position of the interfae H(x, t) at eah x was dened as H(x, t) = 0
by linear interpolation between the points of the numerial grid. Without any loss of
generality, the hemial potential at the boundary is hosen suh that µ(x, y = 0) = 0,
leading to φ(x, y = 0) = φ0, where φ0 is the solution of −φ0 + φ
3
0 = FH0(t)
1
.
1
It should be pointed out that the von Neumann boundary ondition an also be implemented
diretly by using µ(y = 0) = µ(y = ∆y) + F∆y, where ∆y is the size of the spatial disretization.
The numerial implementation of the von Neumann boundary ondition is then used to x φ(x, y =
0) = φ0, where φ0 is the solution of −φ0 + φ
3
0
= −φ(x, y = ∆y) + φ(x, y = ∆y)3 + F∆y. We have
ompared the two dierent implementations and found no distinguishable dierenes.
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Typial plots for the hemial potential and the density eld along the y axis ob-
tained from numerial integration of Eq. (13) without quenhed disorder (∆α = 0) are
shown in Figs. 1 (b) and (), respetively. A set of suessive interfae ongurations
with v = 0.02, and ∆α = 0.2 are also shown in Fig. 1 (d). It is interesting to note
from Fig. 1() that behind the moving interfae the density eld has a nite slope,
whih remains onstant in time. This is due to the underlying loal onservation law
for φ(x, y). We note that the slighly growing value of φ whih is greater than +1 is
just a numerial artifat and an be removed by using a method of moving box to hold
the interfae at a onstant height, i.e. pulling down the disorder eld at onstant time
intervals.
3.1 Spatial roughness
With ∆α > 0, the driven wetting front kinetially roughens as an be seen in Fig.
1(d). To haraterize the spatial extent of the roughness, we rst onsider the spatial
two-point orrelation funtion
G2(r, t) = 〈[h(x+ r, t)− h(x, t)]2〉
1/2, (14)
whih is diretly related to the struture fator S(k, t) ≡ 〈hk(t)h−k(t)〉. In the above
equations the brakets denote an average over dierent ongurations of random noise,
and the overbar a spatial average over the system.
In Fig. 2(a) we show numerial data for the spatial orrelation funtion. We nd
that the orrelation length of the roughness of the interfae saturates after an initial
growth. Aording to Eq. (12), the rossover length ξ× is related to the interfae
veloity by ξ× ∼ v
−1/2
. In the inset of Fig. 2(a) we plot the veloity dependene of the
orresponding rossover length ξ2 found from G2(r). We indeed nd that this length
ξ2 ∼ v
−0.45
, whih means that ξ2 ∝ ξ× as in the ase of spontaneous wetting, too [12℄.
An estimate for the global roughness exponent χ an be obtained from the struture
fator S(k, t), as shown in Fig. 2(b). As expeted, we nd that S(k) ∼ 1/k1+2χ
is well satised, with a global roughness exponent of χ ≈ 1.25, and a rossover to
a plateau orresponding to distanes larger than the intrinsi orrelation length ξ×,
onsistent with the analysis from the linearized interfae equation. We atually found
that the global roughness exponent slightly depends upon the veloity and inreases
with dereasing veloity until asymptotially approahing a value of about 1.35. For
veloities v = 0.005, 0.002, and 0.001, with ∆α = 0.1, it was found that χ ≈ 1.27, 1.35,
and 1.37, respetively. Moreover, that global roughness exponent slightly depends on
the strength of the noise. For example, for v = 0.005, χ ≈ 1.27 and 1.36 for ∆α = 0.1
and 0.2, respetively. We also ompared the rossover lengths obtained from G2(r, t)
to those from S(k, t), and found that the value of ξ× from S(k, t) is about one-half of
that from G2(r, t), independent of disorder strength.
We also estimated the the loal roughness exponent χ
lo
aording to the saling
relationship G2(r = 1, t) ∼ ξ
χ−χ
lo
× ∼ v
(χ
lo
−χ)/2
for dierent veloities [12℄, and found
that χ
lo
≈ 1.0, as expeted for superrough interfaes. The spatial orrelation funntion
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G2(r, t) should also follow the same saling formG2(r, t) ∼ ∆αv
−χ/2g(rv1/2) asG2(r,H)
for spontaneous imbibition with xed interfae front height [12℄.
3.2 Temporal roughness
To quantify the temporal development of the roughness, we onsider the width of the
interfae dened by
w2(t) = 〈(h(x, t)− h(x, t))2〉. (15)
In the presene of quenhed disorder the roughness initially inreases as a power law of
time, as shown in Fig. 3. After a rossover, the roughness reahes a saturated regime.
For small ∆α = 0.1, only relatively low veloities were studied, beause for veloity
as high as v = 0.05, the roughness prole shows pronouned osillations. The ause
of suh numerial osillations was identied to be the numerial interpolation of the
interfae position between the grid points with time sale equal to lattie size over the
veloity. It an be learly seen from the inset of Fig. 3 that for the same noise strength,
all the roughness urves follow the same initial growth prole, suggesting an universal
growth exponent β. It was found that for ∆α = 0.1, 0.2, and 0.3, the orresponding
values of β are about 0.48, 0.50, and 0.52, respetively.
The saturated width of the interfae was found to be independent of the lateral
system size as long as the lateral system size is larger than the intrinsi rossover length
ξ×, whih has been derived from the linearized interfae equation in the preeding
setion. It should be pointed out that in Ref. [28℄, where the ase of driven wetting
was briey disussed, it is laimed that after an initial growth, the interfae roughness
follows a weak logarithmi growth. From Fig. 3 one an see that we do not nd any
evidene of suh a logarithmi growth regime, although it ould be too slow to be
deteted numerially.
Assuming that the rossover length ξ× ontrols the roughening proess, we an use
the results in Ref. [12℄ and write a Family-Visek type of saling relation
w(t) = ∆αξχ×g
(
tβ
ξχ×
)
. (16)
Data ollapse using this saling from is presented in Fig. 3. Using the data ollapse,
we give our best estimates for the roughness and growth exponents as χ = 1.35± 0.05
and β = 0.50 ± 0.02. We note that Ref. [28℄ estimates that χ ≈ 1.25 and β ≈ 0.4,
with β = χ/3. However, our results do not support this relation.
In the ase of spontaneous imbibition, it was found that the rough interfaes obey
temporal multisaling, with dierent saling exponents for dierent moments of the
time-dependent orrelation funtions [12℄. These funtions and the orresponding ex-
ponents are dened by
Cq(t) = 〈[H(x, t+ s)−H0(t+ s)−H(x, s) +H0(s)]q〉
1/q, (17)
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for q = 1, 2, 3, .... The orrelation funtions C2(t) are shown in Fig. 4(a) for dierent
veloities. The rossover time t× between the power law regime of C2(t) and saturation
inreases with dereasing veloities. The dierent funtions Cq(t) for q = 2, 4 and 6
are shown in Fig. 4(b). At early times all the funtions follow power law behavior
Cq(t) ∼ t
βq
, with exponents βq ≈ 0.94 whih are independent of q. This behavior
is, however, observed only in time sales smaller than the disorder persistene time
td = ∆y/v, where ∆y = 1 is the dimensionless spatial disretization step. If we
onsider Cq(t) for t > td, we nd evidene multisaling with β2 ≈ 0.79, β4 ≈ 0.69 and
β6 ≈ 0.54 in a small time regime, similar to the spontaneous ase [12℄. However, it is
diult to verify true multisaling here beause of the rapid rossover to the saturated
regime, although we do expet avalanhe type of motion to be present here, whih
often leads to multisaling behavior [33℄.
3.3 Numerial Results from the Linearized Interfae Equations
An interesting question onerns the range of validity of the linearized interfae equa-
tion (LIE), Eq. (9), for the utuations of the height, in partiular in the driven,
nonlinear regime with noise inluded. This issue is also related to the possible exis-
tene of universality lasses of roughening for onserved systems with quenhed noise;
a problem for whih there are virtually no analytial results. To this end, we have
integrated Eq. (9) numerially in time. To inorporate the nonlinear nature of the
disorder η(x,H(x, t)), a bak-and-forth Fourier transformation sheme is required at
every time step. A square lattie landsape of independently Gaussian distributed
noise was used for η(x, y). We note that solving Eq. (9) instead of the full 2D phase
eld model is numerially muh easier.
To ompare the results with the phase-eld model, we numerially omputed the
same set of orrelation funtions. From the analyti derivation of the interfae equation,
we an obtain a quantitative map between the parameters of the phase eld model and
the interfae model, whih is as follows. The interfae veloities should obviously be
the same. The disorder elds between the models are related by η = Mα, where M
is the mobility in Fik's law. In our dimensionless units M = 1. The eetive surfae
tension in the phase eld model is given by the standard form of the potential V (φ)
as σpf =
∫
du (∂uφ0(u))
2
, where φ0 is the 1D kink solution of the disorder-free system.
The surfae tension in the interfae equation omes out as σ = Mσpf .
The results from the LIE are olleted in the insets of the orresponding phase eld
results in Figs. 2-4. Obviously, the length sale ξ× is present in an idential manner in
both ases. Remarkably enough, the orresponding results from the two ases are in
most ases quantitatively lose to eah other. There are some important dierenes,
however. First, the saturated interfae widths dier by about 20%, the interfaes
from the LIE being rougher. Sine the interfae model only takes into aount linear
dissipation eets, we would expet it to underestimate the stiness of the interfae,
leading to larger roughness amplitudes than in the full phase eld model.
Next, we examine the data ollapse for the interfae roughness (Fig. 3) using the
saling funtion of Eq. (16). The best ollapse is obtained for slightly dierent values
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of the exponents as ompared to the phase-eld model. The roughness exponent is
lose to the previous value, namely χ = 1.27± 0.05. However, the growth exponent is
now given by β = 0.37±0.04 for the LIE, where the dierene to the phase eld result
is outside of the numerial unertainties. In the LIE we also noted a slight deviation
from the behavior of the rossover time t× ∝ ξ
χ/β
× as a funtion of the disorder strength
∆α. Another dierene between the two models was found in temporal multisaling.
In the LIE eah of the moments inreases with a dierent exponent βq even at times
smaller than the disorder persistene length td. The exponents are β2 = 0.75 ± 0.03,
β4 = 0.55± 0.05, and β6 = 0.47± 0.03. The values of these exponents are lower than
in the phase-eld model, whih is not surprising sine the LIE has a lower value of β,
too.
4 Summary and Conlusions
In the present work, we have studied wetting of a disordered medium driven by a
onstant mass ux in a 2D system. Our model is a prototype phase eld model
inorporating mass onservation into the ow of two immisible uids, Eq. (4). From
this model we have derived non-loal interfae equations to lowest order in Fourier
spae utuations, Eqs. (8) and (9). Beause of the linearization, these equations are
loal in Fourier spae. The onstant ux boundary ondition gives rise to a interfae
that moves with a onstant veloity proportional to the ux. We have obtained a
time-independent rossover length sale ξ× ∝
√
σ/v from the interfae equations.
Numerially, we nd that the kineti roughening of an interfae is governed by a saling
relation of the Family-Visek type, where ξ× ontrols the extent of the utuations (for
ξ× < L) as given by Eq. (16). For the kineti roughening of the interfaes, we nd
that they are superrough, with χ = 1.35± 0.05 and χloc ≈ 1. For temporal roughness,
β = 0.50 ± 0.02, and there is numerial evidene of temporal multisaling for t > td.
We note that all these results are in qualitative but not in quantitative agreement with
the ase of spontaneous imbibition studied earlier in Refs. [12℄ for interfaes, whih
are kept at onstant height in the steady-state regime desribed by Washburn's law.
In addition to obtaining the LIE by analyti methods, we have also made a diret
omparison between it and the full phase eld model with quenhed noise properly in-
luded. We nd very good agreement between the spatial orrelations of the interfaes,
even inluding approximately the same roughness exponent of χ ≈ 1.3. However, the
temporal orrelations in the two ases are dierent: while the amplitude of the sat-
urated roughness is larger in the LIE, but the growth exponent β = 0.37 ± 0.04 is
smaller than the phase-eld result β = 0.50 ± 0.02 in the phase eld model. Also,
spatial multisaling is more learly present in the LIE within our numeris.
Our analytial and numerial results of fored wetting an be ompared with ex-
perimental results of kineti roughening of an oil-air interfae in a fored wetting where
the experiments were done in a horizontal Hele-Shaw ell with quenhed disorder [13℄.
It was found in the experiments that the growth exponent β ≈ 0.5 whih is nearly inde-
pendent of the experimental parameters, and the roughness exponent χ ≈ 1.3, whih,
10
however, depends on experimental parameters. While a fully quantitative omparison
may be diult, both exponents obtained experimentally are in very good agreement
with our numerial results. Furthermore, the experiments onrm that the rossover
length sales as the inverse of the square root of veloity, as found in our theory. Fur-
ther experiments on the dependene of the results on other systems parameters would
be most interesting.
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Appendix
A Projetion to an Interfae Equation
In this Appendix we disuss the details of the sharp interfae projetion to obtain the
interfae equation, Eq. (6) from the phase eld equation of motion, Eq. (4). First we
invert the phase eld equation in a volume V with boundary S, by multiplying with
the Green's funtion, integrating over V and applying Gauss's divergene theorem.
The result is ∫
V
d3r′
√
det(g′)G(r, r′)∂tφ(r
′) = µ(r) + Λ, (18)
where the surfae term Λ is expliitly given by
Λ =
∫
d~S ′ · [G(r, r′)∇′µ(r′)− µ(r′)∇′G(r, r′)]. (19)
The standard proedure is then to onsider a single-valued sharp interfae H(x, t), and
transform to oordinates of distane along and perpendiular to this interfae given by
(s, u). In these oordinates the metri tensor is given by
g =
[
1 0
0 (1 + uκ)2
]
, (20)
where κ is the urvature of the interfae, dened via the unit tangent t and unit
normal n of the interfae as κt = ∂sn. The volume integration measure is the Jaobian
J =
√
det(g) = 1+ uκ, and it must be positive denite. This limits the validity of the
oordinates to the area not further from the interfae than the radius of the interfae
urvature.
Next, a number of standard approximations are made, inluding the small urvature
approximation, whih gives the Laplaian to rst order in κ as
∇2 ≃
∂2
∂u2
+
∂2
∂s2
+ κ
∂
∂u
. (21)
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For a sharp interfae with small urvature, the phase eld near the interfae has the
form given by the α = 0, 1D kink solution φ0 in the normal diretion, dened by
∂2uφ0 = V
′(φ0). The hemial potential is then µ ≃ −κ∂uφ0 − α. Sine the kink
solution has a small gradient exept at the interfae, we an projet Eq. (18) to
the interfae with the operator
∫
du∂uφ0(u)[·], and take the expliit sharp interfae
limit φ0 ≃ −1 + 2Θ(u). The projeted equation involves ontributions only from an
area not further from the interfae than the interfae width, whih is less than the
interfae radius of urvature by the virtue of the small urvature and sharp interfae
approximations. Therefore, the use of oordinates (s, u) is valid. Eq. (18) is then
projeted to
2
∫
ds′G(s, 0|s′, 0)∂tu(s
′) = −σκ− α(s, 0) + Λ|u=0, (22)
where σ = 1
2
∫
du (∂uφ0(u))
2
is the eetive surfae tension. This an be transformed
to Cartesian oordinates using ds∂tu = dx∂tH(x, t), yielding Eq. (6).
B Linearization of the Interfae Equation
In this Appendix we desribe in detail the method of using strip geometry to obtain the
linearized interfae equations (Eqns. (8) and (9)) from the full non-loal sharp interfae
equation, Eq. (6). For the half-strip {(x, y)|x ∈ [0, L], y ∈ [0,∞]}, the Green's funtion
for the Laplaian, with homogenous von Neumann boundary onditions at the strip
edges, is given by
G(x, y|x′, y′) =
1
2L
[|y − y′|+ y + y′]
−
1
π
∑
n
1
n
cos
(nπx
L
)
cos
(
nπx′
L
)[
e−
npi
L
|y−y′| + e−
npi
L
(y+y′)
]
.
(23)
The boundary term is readily evaluated as Λ = F
∫
dx′G(x, y; x′, 0) = Fy. The lin-
earization an only be done around the interfae of the disorder-free system. This is
the same as the average interfae height of the disordered system only when F is muh
larger than the ritial driving fore of the underlying pinning-depinning transition.
For a disorder-free system Eq. (6) beomes
2
∫
dx′G(x,H0(t); x
′, H0(t))∂tH0(t) = FH0(t) (24)
⇔ ∂tH0(t) =
MF
2
. (25)
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Linearizing Eq. (6) using H(x, t) = H0(t) + h(x, t) leads to
IB + IC + ID = −
σ
2
∂2xh(x, t)−
1
2
η(x,H(x, t)) +
1
2
MFh(x, t); (26)
IB =
∫
dx′∂yG(x, y; x
′, H0)|y=H0h(x, t)∂tH0; (27)
IC =
∫
dx′∂y′G(x,H0; x
′, y′)|y′=H0h(x
′, t)∂tH0; (28)
ID =
∫
dx′G(x,H0; x
′, H0)∂th(x
′, t). (29)
The derivatives of G, as obtained from the denition of Eq. (23), are disontinuous at
y = y′ = H0(t), where the linearization was done. To go around this problem we simply
set Θ(y−y′)|y=y′=H0(t) = 1/2. We have also performed the same half-strip linearization
in the ase of the spontaneous imbibition, where the half-plane Green's funtion an
also be linearized diretly [12, 24℄. These two methods yield idential results, i.e.
linearization and Fourier transformation ommute with the half-plane limit.
The rest of the proedure is then straightforward, and by dening the Fourier series
representations
h(p, t) =
1
L
∫
dx cos
(pπx
L
)
h(x, t); (30)
η(p, t) =
1
L
∫
dx cos
(pπx
L
)
η(x,H(x, t)), (31)
and projeting Eq. (26) to Fourier omponent p with Pp[·] =
∫
dx cos (pπx/L) [·], we
obtain
∂tH0h(p, t)
[
1 + e−2
ppi
L
H0
]
−
L
pπ
∂th(p, t)
[
1 + e−2
ppi
L
H0
]
=
σ
(pπ
L
)2
h(p, t)− η(p, t) + Fh(p, t).
(32)
In the Fourier projetion of the urvature term, one obtains boundary terms that are
non-zero at non-zero ontat angles, but they are negligible in the limit L → ∞.
Changing variables to k = pπ/L and substituting F = 2∂tH0 we obtain Eq. (9), with
a disrete wave vetor k. Taking the limit L → ∞ while keeping k onstant nally
gives the proper ontinuum limit.
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Figure 1: (a) A shemati geometry and setup of the model. The height of the front
is desribed by a single-valued funtion H(x, t), and the driven boundary ondition at
the reservoir at y = 0 is desribed by a onstant gradient of the hemial potential. (b)
The prole of the hemial potential µ(x, y) along the y axis at suessive time steps
t1 < t2... < t4. () The prole of the density eld φ(x, y) along the y axis at suessive
time steps orresponding to (b). Note that due to the onservation law these proles
have a nite slope in the wet region of the medium. (d) A set of typial rough front
ongurations of a rising interfae H(x, t) taken at equal time intervals ∆t = 80.
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Figure 2: (a) Spatial orrelation funtions G2(r, t) for a system of size L = 256, with
∆α = 0.3, v = 0.05 at dierent times. The data are from t = 103 to t = 104 at
equal time intervals of t = 2× 103. In the inset, the rossover lengths ξ×(V ) obtained
from G2 for dierent veloities are plotted. (b) The struture fator S(k, t) plotted
against the wave vetor k for the same set of parameters as in (a). In the inset, the
struture fator obtained from the linearized interfae equations is plotted against k
for the orresponding set of parameters, exept that L = 512.
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Figure 3: Data ollapse of the interfae width aording to the saling form of Eq. (16)
for dierent sets of parameters with L = 256: (i) ∆α = 0.3, v = 0.05 and 0.01; (ii)
∆α = 0.2, v = 0.01, 0.005, and 0.002; (iii) ∆α = 0.1, v = 0.005, 0.002, and 0.001. The
inset shows the original interfae width data.
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Figure 4: (a) The temporal orrelation funtion C2(t) for L = 256, with ∆α = 0.2
and v = 0.015, 0.01, and 0.005. In the inset, the orresponding data are shown for the
linearized interfae equations. (b) Temporal orrelation funtions Cq(t) with q = 2, 4,
and 6 for L = 256, with ∆α = 0.2 and v = 0.015. In the inset, the the orresponding
funtions are shown for the linearized interfae equations. See text for details.
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